CHAPTER 1 O

VECTOR

Vectors were first used to express the laws of electromagnetism. Since then, they have become
essential in physics, mechanics, electrical engineering, and many other sciences for describing forces
and motion mathematically.

Some physical quantities are characterized by both magnitude and direction, such as displacement,
velocity, force, and acceleration. To describe such quantities, we introduce the concept of a vector,
represented as a directed line segment. Other quantities in physics are characterized by magnitude
only, such as mass, length, and temperature. Such a quantity is called a scalar. For example,
speed—say, 10 km/h—is a scalar, whereas velocity—say, 10 km/h toward the north-east—is a vector
and may be written as:

v=10-~it10.- L]
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where i is the unit vector along the x -direction and j is the unit vector along the y-direction.

10.1 VECTOR ALGEBRA

10.1.1 VECTOR ADDITION & SUBTRACTION

Vector addtion (or subtraction) is performed by adding (or subtracting) their components.




10.1.2 SCALAR MULTIPLICATION

Multiplication of a vector A by a scalar m produces a vector mA with magnitude m x | A| where |A] is
the magnitude of A.

10.1.3 UNIT VECTOR

Unit vectors are vectors having unit length.

A=A+ A,j+ Ask

MFJ£+£+£:1

10.1.4 LINEAR INDEPENDENCE & DEPENDENCE
Vectors le, /Yz, e fYn are linearly dependent if there exist scalars aj, dy, -+ , ay,, not all zero, such that:
algl + 0214)2 + - 4+ anffn =0

Otherwise, the vectors are linearly independent.

10.1.5 ScArLAR & VECTOR FIELDS

Let D € R3 be a region in space. If to each point (x, y,z) € D there corresponds a real number

¢ = ¢(x.y.2),

then ¢ is called a scalar function of position, and the assignment defines a scalar field over D. Typical
examples of scalar fields include temperature, pressure, and electric potential. If the scalar field does
not depend explicitly on time, it is called a stationary or steady-state scalar field.

Similarly, if to each point (x, y, z) € D there corresponds a vector
V =V(x,y,2),

then V is called a vector function of position, and the assignment defines a vector field over D. Common
examples include velocity fields in fluid flow and electromagnetic force fields. If the vector field is
independent of time, it is called a stationary or steady-state vector field.

10.1.6 VEcTOR Sracke R"
Let V = R", where R" denotes the set of all ordered n-tuples of real numbers
u= (a13a25 cees an):

called the components of the vector u. The elements of V are called vectors, and we typically denote
them by u, v, w, with or without subscripts. Real numbers are called scalars and are denoted by letters
such as k, A, .

Two fundamental operations are defined on V = R™
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VECTOR ADDITION.

If
a b
w=|%2), v=|%,
an b

then their sum is defined componentwise by

(11+b1
ar, +b
ut+v=| 27"
a, + b,

SCALAR MULTIPLICATION.
For any scalar k € R and vector u € R”,

ka,
ku = | 2
ka,
These two operations satisfy all the axioms of a vector space, making R" the standard n-dimensional
real vector space.

10.2 VECTOR SPACES

A real n-dimensional vector space , denoted by R", is the set of all vectors whose components are
real numbers. Each vector in R" is written as an ordered n-tuple of real numbers:

(x1, X5 v, Xp).

The word ordered means that the position of each component matters. If, instead of real numbers, the
components are complex numbers, we obtain a complex vector space , denoted by C".

10.2.1 DIMENSION

A non-empty set V of vectors is called a vector space if all vectors in V' have the same number of

5
components and if Vis closed under linear combinations, i.e., for any two vectors @ and b in V, and for
any real numbers @ and f, the vector

ad + ﬁz also belongs to V.

The dimension of a vector space V'is the number of vectors in any basis of V. A basis is a minimal
set of linearly independent vectors that can generate every vector in V using linear combinations.
Thus, the space R* has dimension n .

The maximum number of linearly independent vectors in Vis called the dimension of Vand is denoted
as dimV. Hence, a vector space having vectors with n components has the dimension n.
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10.2.2 SpAN, SUBSPACES, AND BASES

Span
The span of a set of vectors {V;, Vs, ..., ¥} in a vector space V is the set of all linear combinations of
these vectors:
span{y;, ..., ¥} = {oy vy + - + o | o € R}
Thus, the span is the set of all vectors that can be generated from the given vectors.
SUBSPACE

A subspace W of a vector space Vis a non-empty subset of V that is closed under vector addition and
scalar multiplication. That is, if 4, v € Wand a € R, then

U+vew, aueEW.

A set is said to be closed under an operation if applying that operation to elements of the set always
produces an element of the same set. Every subspace must contain the zero vector and is itself a vector
space.

Basis

A basis for a vector space Vis a set of vectors in V that is both linearly independent and spans V.
Equivalently, every vector in V can be written uniquely as a linear combination of the basis vectors.
Note that basis vectors need not be unit vectors unless the basis is required to be orthonormal.

10.3 VEcTOR PRODUCTS

10.3.1 Dot ProODUCT

The dot (or scalar) product of two vectors A and B, denoted by A - B, is defined as the product of the
magnitudes of A and B and the cosine of the angle 0 between them:

= |Al|Blcosd, 0<O<nx (10.1)

10.3.2 INNER ProDUCT

An inner product is a generalization of the dot product. It defines a way to multiply two vectors so
that the result is a scalar. An inner product on a vector space Vis a function

() : VxV > R (or C)

that satisfies the following four properties. For all vectors u, v, w € V and any scalar o, we have:

Property Mathematical Statement
Linearity (u+v,w)y =u,w)+ (v,w)
Homogeneity (av, w) = a{v, w)

Symmetry (real case) | (v,w) = (w,v)
(For complex vector spaces: (v, w) = (w,v))

Positive definiteness | (v,v) > 0, with equality if and only if v =0

TABLE 10.1 - Axioms of an Inner Product
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10.3.3 Cross PropucT

The cross product of vectors Aand Bis a vector C = Ax B (read as A cross E) defined as follows.

C=AxB=|A|Bsin0t, 0<0<n

The magnitude of the cross product

GZEXB) *axb

is equal to the product of the magnitudes of A and B and the sine
of the angle 0 between them:
‘ 7

IC| = |A| |B|sin 6. [ \

/
The direction of Cis perpendicular to the plane containing A and k ) % /
B, such that the vectors A, B, and C form a rlght -handed system.
The unit vector & denotes the direction of A x B.
The cross product of two vectors can be expressed in terms of determinant as follows:

ik
>z Ay A3 1A A3 A Ayl
* Ar Ay 4y By B3 By B3 By B
B; B, B3

10.3.4 ScALAR TRIPLE PrRODUCT

The scalar triple product of three vectors
A, B,Cis defined by

(A,B,C)=A-(BxO).

In component form, it is equal to the determinant

A Ay A3l |A; B G
(A, B, C) = Bl Bz B3 = Az B2 C2 = det[A B C]
G G G| |A3 By G

The scalar triple product satisfies the following fundamental identity:
A-(BxC)=(AxB)-C.

Geometrically, the absolute value |(A), B, 5)‘ represents the volume of the parallelepiped formed

by the vectors A, B, and C. Moreover, the three vectors in R? are linearly independent if and only
if (A,B,C) # 0.

10.3.5 RECIPROCAL VECTOR

’

Given a nonzero vector g, its reciprocal vector a’ is defined by @ - a’ = 1. In Euclidean space, this

1 a
Imp 1€S: a | |2
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10.3.6 BAsic VECTOR PROPERTIES

Given three vectors /_f, 1§, C € R" and a scalar m, the following properties hold:

- - -

1. Commutative (Addition): A+ B=B+ A

-

2. Associative (Addition): (f_{ + ]§) +C=A+ (E +O)
3. Distributive (Dot Product): A-(B+ 5) =A-B+A-C

4. Distributive (Cross Product, Left): A x (E + 5) = (A) X ]§) + (A) x 5)
5. Distributive (Cross Product, Right): (A) + ]§) xC = (ﬁ X 5) + (E X 5)
6. Zero Vector: A+ 0= A

7. Distributive (Scalar Multiplication): m(A + B) = mA + mB

8. Inner Product (Euclidean Space): (A) B) = A-B=ATB

9. Linear Transformation: Let X = R” and Y = R™. A linear transformation T : X — Yis given
by Y = AX where A is an m x n matrix.

10.3.7 GRAM-SCHMIDT ORTHONORMALIZATION

The Gram-Schmidt orthonormalization process is a systematic procedure for converting a linearly
independent set of vectors in an inner product space into an orthonormal set that spans the same
subspace. Let {Vj, Vs, ..., v} be a linearly independent (but not necessarily orthonormal) basis for a
subspace V. The goal is to construct an orthonormal basis {¢;, €, ..., &} for span{v;, v, ..., v}. The
projection of a vector v onto a nonzero vector u is defined by:

(U, v)

u
()

proj;(v) =

where (-, ) denotes inner product. This gives the orthogonal projection of v onto the line spanned by #.

The Gram-Schmidt process is given by:

Up

amn 7
1
. U

Up = Vo — proj,, () € = m
2
. ; Us

uz = vz — projy, (v3) — proj,,(v3) e3 = m
3
k—1 ”

U = vic = ), proju,(vi) % = Tl
j=1 U

The sequence uy, uy, -+, Uy is the required system of orthogonal vectors, and the normalized vec-
tors e, ey, -+, e form an orthonormal set. The calculation of the sequence uy,uy, -,y is known
as Gram-Schmidt orthogonalization, while the calculation of the sequence ey, e;, -+, e is known as
Gram-Schmidt orthonormalization as the vectors are normalized.
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10.4 VECTOR DIFFERENTIATION

AR R(i+ Ai) — R(i)

Au Au

dR .. AR . R@i+Ni)— R
— = lim — = lim -

dU  Aui—0 Au  Ai—0 Au

If, r(u) = x(u)i + y(u)j + z(u)l;

dr_dx;  4y. dz;
du du duJ du

10.5 DIFFERENTIAL GEOMETRY

10.5.1 FRENET-SERRET FORMULAE

10.5.2 TANGENT, NORMAL, AND THE FRENET-SERRET FRAME

Consider a space curve C defined by the vector-valued function 7(u). The derivative o%r: gives a vector
tangent to the curve at each point. If the parameter u is chosen to be the arc length s, measured from a
fixed point on C, then T =% isa unit tangent vector to the curve. The rate at which the tangent vector

ds
dr

changes with respect to arc length, -, measures how sharply the curve bends and thus defines the

curvature. The direction of Z—T is perpendicular to the tangent and lies along the normal direction. If
s

Niis the unit vector in this direction, it is called the principal normal to the curve. The curvature

>

is defined by g—i = kN. The reciprocal of curvature, p = i, is called the radius of curvature .

A third unit vector B, perpendicular to both Tand N, is defined by B =T x N. This vector is called the

binormal to the curve. At any point on the curve, the three mutually perpendicular unit vectors
T, N, Bforma right-handed orthonormal coordinate system called the Frenet triad (or moving
trihedral). As the point moves along the curve, this coordinate system moves with it and is therefore
called the moving trihedral.

10.5.3 FRENET-SERRET FORMULAE

The evolution of the Frenet triad along the curve is governed by the Frenet-Serret equations :

:Kﬁ dLVZ—KT-FTB) @:—Tﬁ
s ds ds

&5

Here 71is a scalar called the torsion . It measures how rapidly the curve twists out of the plane of
curvature. The reciprocal o = % is called the radius of torsion .
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10.5.4 ASSOCIATED PLANES

At a given point P on the curve:

> The osculating plane is the plane spanned by Tand N.
> The normal plane is the plane through P perpendicular to T.
> The rectifying plane is the plane through P perpendicular to N (spanned by Tand E).

10.6 GRADIENT

The differential operator del, written as V is defined as:

ds, d~, 97

if #(x, y, z) be a scalar function defined and differentiable at each point (x, y, z) in a certain region of
space, then the gradient of ¢, written V¢ or grad ¢ is defined as follows:

A . - o9, 9P. 0P
V¢:<ii+ij+ik)¢:—¢i+—¢j+—¢k
ox dy 9y ox Jdy 0z

10.7 DIVERGENCE

IfV(x,y,2z) = Vlf + VZ}' + V3l; is defined and differentiable at each point (x, y, z) in a region of space,
then the divergence of V, a scalar, is defined as follows:

R R 2 R R A V.. Vi, V..
V.V = ii+ ij+ ik .(Vii+ij+ka) =t —Jj+ —kk (scalar)
ox dy dy ox dy 0z

10.8 CurL

The curl or rotation of V, a vector, is defined as:

N

ik

d~ 0Jd~ 0J: A A 2 o o9 a
cle:va:<£1+5J+5k>X(V1I+V2J+V3k)=gc % 92
Vi Vo V3

10.9 VECTOR INTEGRATION

10.9.1 LINE INTEGRATION

Let A(x,y,2) = Aji+ Ayj+ A31A< be a vector function of position defined and continuous along C. Then
the integral of the tangential component of A along C from P, to P,, written as:
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P2 > - - >
J A-dr= J A-dr=| (Aidx + Aydy + Asdz)
P, c c

If Cis a closed curve (which we shall suppose is a simple closed curve, that is, a curve that does not
intersect itself anywhere), the integral around C is often denoted by:

§ A-dr= 35 (Aydx + Aydy + Asdz)
C C

10.9.2 SURFACE INTEGRATION

Consider a differential of surface area dS a vector dS whose magnitude is dS and whose direction is
that of . Then dS = ndS. The integral is given by:

10.9.3 VOLUME INTEGRATION

Consider a closed surface in space enclosing a volume V. The volume integral is given by:

[ 2

10.10 GAauss’ DIVERGENCE THEOREM

Suppose Vis the volume bounded by a closed surface S and Fis a vector function of position with
continuous derivatives. Then:

Jﬂv Fav= J<—l+—1+ k) (Fi + Fyj + B dv
N Zeaxaye+ [[| 2 acavas + [ 2 aeayas

o [
[

J [E.Cx, . 22) = E(x, y, 21)] dxdy = J]t

Stop
m V-FdV = # F-dS= Eﬁ;(Fxnx—kFyny+ En,)ds.
Vv S S

10.11 STOKE’S THEOREM

ﬁ-l%ds-ﬂ F-kds.
S

ottom

The line integral of a vector field around a closed curve is equal to the flux of its curl through the
surface bounded by the curve. Suppose S is an open, two-sided surface bounded by a simple closed
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curve C, and let Fbe a vector field with continuous partial derivatives. Then,

iﬁ-d?: Hs(wﬁ)-di

5k
= d., 0., 0; . . - a 9 9
VxF—(£z+5]+a—zk)x(sz+Fy]+sz)=;{ %y 9
F, F, F
9 29 9 29 9 9
= |9y 9z|] _ |ox azj+ ox <9y]AC
F, F, Fy F, F. F,
oF, OJF)\ <an an>A JF,  9F,\ -
=|l—=—-—)i-——-——|)+|——-——)k
Jdy 0z ox 0z ox  dy
oF, OF oF, OF oF,  9F\ -
:<_Z__y ;+(_x__2>j+ A
Jdy 0z 0z ox ox  dy

ﬁ oF, OF oF, OF, dF, OF.\ -
H(pr)'ﬁds = ﬂ [(—Z - —y)i+ (—x - —Z)j+ (—y - —x>k] -1 ds.
S st\ady oz 0z ox ox  dy

10.12 GREEN’S THEOREM

Suppose R is a closed region in the xy plane bounded by a simple closed curve C, and suppose M and
N are continuous functions of x and y having continuous derivatives in R. Then,

# (@ - @]) ey = 3@ (Mdx + Ndy)
R y C

This can be proven from the following:

b g(x)
# idedsz’ J i\]olydx

R 9y a Jg o 9y A c,
b 1 a x////,f"' “K\\\
= J N(x, g2(x))dx — J N(x, g1(x))dx
‘ b C, D C
= _J N(x, g2(x))dx — J N(x, g(x))dx
G G : :
J N(x, y)dx = J N(x,y)dx =0 E i ST
5 . | >
a h X

Similarly, L M(x,y)dy = J M(y, hi(y))dy + J M(x, hy(y))dy

G G

where C is traversed in the positive (counter clockwise) direction. Green’s theorem is a planar case of
Stoke’s theorem.
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10.13 SymPy

import sympy as sp
import numpy as np
import matplotlib.pyplot as plt

#

Symbolic construction
sp.symbols('t', real=True)

t

(tx*x2 * (3 - t)) / (1 + t*%2)
(sp.exp(0.6%t) - 1) / (1 + t*%2)

sp.Matrix([x, y, z])

First and second derivatives
rl = r.diff(t)
r2 = rl.diff(t)

# Unit Tangent
rl / sp.sqrt(rl.dot(rl))

T

# Unit Normal
Tl = T.diff(t)
N =T1/ sp.sqrt(T1.dot(T1))

# Binormal
B = T.cross(N)

# Evaluate at t = 1

t0

ro
T0
NO
BO

1

np
np
np
np

.array(sp.N(r.
.array(sp.N(T.
.array(sp.N(N.
.array(sp.N(B.

subs(t, t0)), dtype=float).flatten()
subs(t, t0)), dtype=float).flatten()
subs(t, t0)), dtype=float).flatten()
subs(t, t0)), dtype=float).flatten()

# Numeric curve for plotting
sp.lambdify(t, r, "numpy")

rf

Tvals =

R

np.linspace(0, 4, 400)
np.array(rf(Tvals), dtype=float)

# 3D Plot
= plt.figure()
ax = fig.add_subplot(projection="'3d")

fi

g

# Curve
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47| ax.plot(R[G], R[1], R[2], linewidth=2)
48
49| # Point at t = 1

so| ax.scatter(r0[0], ro[1], re[2], s=60)
51
52| # Tangent -SRED

53| ax.quiver(

54 re[0], ro[1], ro[2],
55 To[e], Te[1], To[2],
56 length=0.8,

57 normalize=True,
58 color="red'
59| )

60
61| # Normal ->GREEN

62| ax.quiver(

63 re[e], re[1], re[2],
64 No[e], Ne[1], No[2],
65 length=0.8,

66 normalize=True,
67 color="'green'
68| )

69
70| # Binormal >BLUE

71| ax.quiver(

72 ro[0], ro[1], ro[2],
73 Bo[e], BB[1], BB[2],
74 length=0.8,

75 normalize=True,
76 color="'blue'
771 )

78
79| ax.set_xlabel("X")
so| ax.set_ylabel("Y")
81| ax.set_zlabel("Z")
s2| ax.set_title("Colored -FrenetSerret Frame at t = 1")
83
s4| plt.show()
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Colored Frenet-Serret Frame att =1
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