
Chapter15
Calculus of Variations
A functional is a function that accepts one or more functions as inputs and produces a real-valued
number as an output. The calculus of variations, or variational calculus, is a field of mathematical
analysis that uses variations, which are small changes in functions, to find maxima and minima of
functionals.

One of the main problems of the calculus of variations is to determine the curve connecting two given
points that either minimizes or maximizes a given integral. Consider a curve connecting two points.
Its length, 𝑆, is given by

𝑆 = ∫√(𝑑𝑥)
2 + (𝑑𝑦)2

If the curve is written as 𝑦 = 𝑦(𝑥), this becomes

𝑆 = ∫
𝑥2

𝑥1 √
1 + (

𝑑𝑦
𝑑𝑥

)
2
𝑑𝑥

The problem of determining the curve connecting two points (𝑥1, 𝑦1) and (𝑥2, 𝑦2) whose length is a
minimum is therefore equivalent to finding the function 𝑦 = 𝑦(𝑥), where 𝑦(𝑥1) = 𝑦1 and 𝑦(𝑥2) = 𝑦2,
such that

∫
𝑥2

𝑥1 √
1 + (

𝑑𝑦
𝑑𝑥

)
2
𝑑𝑥 is a minimum.

In general, we seek the curve 𝑦 = 𝑦(𝑥), with 𝑦(𝑥1) = 𝑦1 and 𝑦(𝑥2) = 𝑦2, such that for a given function
𝐹(𝑥, 𝑦 , 𝑦 ′),

∫
𝑥2

𝑥1
𝐹(𝑥, 𝑦 , 𝑦 ′) 𝑑𝑥

is either a minimum or a maximum , also referred to as an extremum or a stationary value.
A function that satisfies this property is called an extremal . The above integral, which assigns a
numerical value to each admissible function 𝑦(𝑥), is called a functional .

15.1 Derivation of the Euler-Lagrange Equation

Consider the functional

𝐽 [𝑦] = ∫
𝑥2

𝑥1
𝐹(𝑥, 𝑦(𝑥), 𝑦 ′(𝑥)) 𝑑𝑥,

1



where 𝑦 is a sufficiently smooth function with fixed end values

𝑦(𝑥1) = 𝑦1, 𝑦(𝑥2) = 𝑦2

We introduce a family of varied functions

𝑦𝜀(𝑥) = 𝑦(𝑥) + 𝜀 𝜂(𝑥)

where 𝜀 is a real parameter and 𝜂(𝑥) is an arbitrary smooth function satisfying

𝜂(𝑥1) = 0, 𝜂(𝑥2) = 0

The boundary conditions are fixed, so the variations vanish at the endpoints.

The functional evaluated on the varied function is

𝐽 [𝜀] ∶= 𝐽 [𝑦𝜀] = ∫
𝑥2

𝑥1
𝐹(𝑥, 𝑦𝜀(𝑥), 𝑦 ′𝜀 (𝑥)) 𝑑𝑥

A necessary condition for 𝑦 to be an extremum of 𝐽 is that

𝑑𝐽 [𝜀]
𝑑𝜀

|
𝜀=0

= 0

We compute this derivative:

𝑑𝐽 [𝜀]
𝑑𝜀

= ∫
𝑥2

𝑥1
(𝜕𝐹
𝜕𝑦

𝜕𝑦𝜀
𝜕𝜀

+ 𝜕𝐹
𝜕𝑦 ′

𝜕𝑦 ′𝜀
𝜕𝜀

) 𝑑𝑥

Since 𝑦𝜀 = 𝑦 + 𝜀𝜂, we have

𝜕𝑦𝜀
𝜕𝜀

= 𝜂
𝜕𝑦 ′𝜀
𝜕𝜀

= 𝜂′

Evaluating at 𝜀 = 0 gives

𝑑𝐽 [𝜀]
𝑑𝜀

|
𝜀=0

= ∫
𝑥2

𝑥1
(𝜕𝐹
𝜕𝑦

𝜂 + 𝜕𝐹
𝜕𝑦 ′

𝜂′) 𝑑𝑥

We now integrate the second term by parts:

∫
𝑥2

𝑥1

𝜕𝐹
𝜕𝑦 ′

𝜂′ 𝑑𝑥 = [ 𝜕𝐹
𝜕𝑦 ′

𝜂]
𝑥2

𝑥1
− ∫

𝑥2

𝑥1

𝑑
𝑑𝑥

( 𝜕𝐹
𝜕𝑦 ′

) 𝜂 𝑑𝑥

Because 𝜂(𝑥1) = 𝜂(𝑥2) = 0, the boundary term vanishes:

[ 𝜕𝐹
𝜕𝑦 ′

𝜂]
𝑥2

𝑥1
= 0.

Thus

𝑑𝐽 [𝜀]
𝑑𝜀

|
𝜀=0

= ∫
𝑥2

𝑥1
(𝜕𝐹
𝜕𝑦

− 𝑑
𝑑𝑥

( 𝜕𝐹
𝜕𝑦 ′

)) 𝜂 𝑑𝑥
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For 𝑦 to be an extremal, we require

𝑑𝐽 [𝜀]
𝑑𝜀

|
𝜀=0

= 0 for all admissible 𝜂(𝑥) with 𝜂(𝑥1) = 𝜂(𝑥2) = 0.

The only way this integral can vanish for all such 𝜂 is if the integrand itself is zero:

𝜕𝐹
𝜕𝑦

− 𝑑
𝑑𝑥

( 𝜕𝐹
𝜕𝑦 ′

) = 0 for all 𝑥 ∈ [𝑥1, 𝑥2].

This differential equation is called the Euler-Lagrange equation :

𝜕𝐹
𝜕𝑦

− 𝑑
𝑑𝑥

( 𝜕𝐹
𝜕𝑦 ′

) = 0

15.2 Weak (Natural Boundary) Form of the Euler-Lagrange
Equation

Consider the functional

𝐽 [𝑦] = ∫
𝑥2

𝑥1
𝐹(𝑥, 𝑦(𝑥), 𝑦 ′(𝑥)) 𝑑𝑥

but now assume that the endpoint values of 𝑦 are not fixed. We again introduce a variation

𝑦𝜀(𝑥) = 𝑦(𝑥) + 𝜀 𝜂(𝑥)

where 𝜂(𝑥) is an arbitrary smooth function with

𝜂(𝑥1) ≠ 0, 𝜂(𝑥2) ≠ 0

Proceeding as in the strong-form derivation, the first variation is

𝑑𝐽 [𝜀]
𝑑𝜀

|
𝜀=0

= ∫
𝑥2

𝑥1
(𝜕𝐹
𝜕𝑦

𝜂 + 𝜕𝐹
𝜕𝑦 ′

𝜂′) 𝑑𝑥

Integrating the second term by parts gives

𝑑𝐽 [𝜀]
𝑑𝜀

|
𝜀=0

= ∫
𝑥2

𝑥1
(𝜕𝐹
𝜕𝑦

− 𝑑
𝑑𝑥

( 𝜕𝐹
𝜕𝑦 ′

)) 𝜂 𝑑𝑥 + [ 𝜕𝐹
𝜕𝑦 ′

𝜂]
𝑥2

𝑥1

Since 𝜂(𝑥) is now arbitrary including at the endpoints, both the integral term and the boundary term
must vanish independently. Hence we obtain the interior (weak) Euler-Lagrange equation

𝜕𝐹
𝜕𝑦

− 𝑑
𝑑𝑥

( 𝜕𝐹
𝜕𝑦 ′

) = 0, for 𝑥 ∈ (𝑥1, 𝑥2)

together with the corresponding natural boundary conditions

𝜕𝐹
𝜕𝑦 ′

(𝑥1) = 0, 𝜕𝐹
𝜕𝑦 ′

(𝑥2) = 0

The pair consisting of the interior Euler-Lagrange equation and the natural boundary conditions is
collectively referred to as the weak (natural) form of the Euler-Lagrange equations.
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15.3 Example: Shortest Path Between Two Points in the Plane

We now illustrate the Euler-Lagrange equation with the classical problem of finding the shortest curve
between two points in the plane. As before, consider two fixed points (𝑥1, 𝑦1) and (𝑥2, 𝑦2), and curves
of the form 𝑦 = 𝑦(𝑥) joining them. The length of such a curve is

𝑆[𝑦] = ∫
𝑥2

𝑥1
√1 + (𝑦 ′(𝑥))2 𝑑𝑥

This is a functional of 𝑦, and we seek the function 𝑦(𝑥) that makes 𝑆[𝑦] an extremum (in this case, a
minimum).

Here the integrand plays the role of 𝐹(𝑥, 𝑦 , 𝑦 ′):

𝐹(𝑥, 𝑦 , 𝑦 ′) = √1 + (𝑦 ′)2.

We compute the partial derivatives required by the Euler-Lagrange equation

𝜕𝐹
𝜕𝑦

− 𝑑
𝑑𝑥

( 𝜕𝐹
𝜕𝑦 ′

) = 0.

First, note that 𝐹 does not depend explicitly on 𝑦, only on 𝑦 ′:

𝜕𝐹
𝜕𝑦

= 0.

Next,

𝜕𝐹
𝜕𝑦 ′

= 1
2
(1 + (𝑦 ′)2)−1/2 ⋅ 2𝑦 ′ =

𝑦 ′

√1 + (𝑦 ′)2
.

The Euler-Lagrange equation becomes

0 − 𝑑
𝑑𝑥

(
𝑦 ′

√1 + (𝑦 ′)2
) = 0,

or equivalently,

𝑑
𝑑𝑥

(
𝑦 ′

√1 + (𝑦 ′)2
) = 0.

This implies that

𝑦 ′

√1 + (𝑦 ′)2
= 𝐶,

where 𝐶 is a constant. Solving for 𝑦 ′,

𝑦 ′ = 𝐶

√1 − 𝐶2
,

which is itself a constant (assuming |𝐶| < 1). Therefore

𝑦 ′(𝑥) = 𝑚 for some constant 𝑚,
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and integrating once more gives

𝑦(𝑥) = 𝑚𝑥 + 𝑏,

where 𝑏 is another constant of integration. The constants 𝑚 and 𝑏 are uniquely determined by the
endpoint conditions 𝑦(𝑥1) = 𝑦1 and 𝑦(𝑥2) = 𝑦2.

Thus, the curve of shortest length between two points in the plane is a straight line. This example shows
how the Euler-Lagrange equation recovers the intuitive geometric fact that geodesics in Euclidean
space are straight lines.
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