CHAPTER 2 3

ELECTRICITY &
MAGNETISM

Charges rest and fields stand silently arranged,
Currents move and space itself is changed,
From shifting flux new forces intertwine,

One law binds light, charge, and time’s design

Electric and magnetic phenomena originate from electric charge and its motion. Their unification is
achieved through Maxwell’s equations, which may be derived systematically from experimental laws
and conservation principles.

23.1 EvrecTrIC FIELD AND GAUSS’S LAwW

23.1.1 FroMm CouromB’s Law 1O ELECTRIC FIELD
Coulomb’s law gives the force between two point charges
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The electric field is defined as force per unit test charge
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For a point charge g
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23.1.2 DERIVATION OF GAUSS’S LAw

Consider a spherical surface of radius r centered on a point charge g. The electric field is radial and
constant in magnitude over the surface.

The electric flux through the sphere is
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Substituting the field magnitude

For any closed surface enclosing charge Qep
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Using the divergence theorem
éE “dA = J(V'E)dV

yields the differential form

v.E=2
€

This is Gauss’s law for electricity.

23.2 MAGNETIC FIELD AND GAUSS’S LAW FOR MAGNETISM

23.2.1 ABSENCE OF MAGNETIC MONOPOLES

Experimental observation shows that magnetic field lines form closed loops and no isolated magnetic
charges exist.

Therefore, the magnetic flux through any closed surface is zero
%B “dA =0

Applying the divergence theorem gives
V-B=0

This is Gauss’s law for magnetism.

23.3 FARADAY’S LAW OF ELECTROMAGNETIC INDUCTION

23.3.1 InDUCED ELECTRIC FIELDS

Faraday discovered that a changing magnetic flux induces an electromotive force
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The electromotive force around a closed loop is defined as

%:3513-(11

Equating the two expressions

&E-dl:—E#B-dA
dt

Using Stokes’ theorem
#E-dl: J(VxE)-dA

leads to the differential form

VxE:—@
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This is Faraday’s law in differential form.

23.4 AMPERE’S LAW AND ITS INCONSISTENCY

23.4.1 ORIGINAL AMPERE’S LAW

Ampere’s circuital law for steady currents is
%B ~dl = figlenc

Using Stokes’ theorem
VxB = po)

where J is the current density.

23.4.2 CoNFLICT WITH CHARGE CONSERVATION

Charge conservation is expressed by the continuity equation

ap

V-J=
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Taking the divergence of Ampeére’s law yields
V- (VxB)=0

which implies

V-J=0
This contradicts the continuity equation for time-varying charge density.
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23.5 MAXWELL’S DISPLACEMENT CURRENT

To restore consistency, Maxwell introduced an additional term called the displacement current.

The modified Ampeére-Maxwell law is

JE
VXB = po] + pogo -

Taking the divergence
0
V- (VxB) = pV-J+ llofoa—t(v -E)

Substituting Gauss’s law

v.g=2
&

yields the continuity equation, confirming consistency.

23.6 MAXWELL’S EQUATIONS

The complete set of Maxwell’s equations in differential form is

v.E=2
€
V-B=0
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23.7 ELECTROMAGNETIC WAVES

In free space, where p = 0 and J = 0, Maxwell’s equations reduce to wave equations.

For the electric field

2
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The wave speed is
1

v Hoéo

which equals the speed of light, revealing the electromagnetic nature of light.

Cc =

23.8 CLOSING REMARKS

(23.1)

(23.2)

(23.3)

(23.4)

Maxwell’s equations emerge naturally from experimental laws combined with charge conservation

and field continuity. Their derivation unifies electricity, magnetism, and optics within a single

mathematical framework.
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