CHAPTER 2 ;

DIFFERENTIAL GEOMETRY

Differential geometry studies geometric structures using calculus. It provides the mathematical
language for describing curves, surfaces, and manifolds, and forms the foundation of modern theories
such as general relativity, continuum mechanics, and gauge field theory.

27.1 MANIFOLDS

27.1.1 DEFINITION OF A MANIFOLD

A smooth manifold .Z of dimension 7 is a topological space that locally resembles R"” and admits
smooth coordinate charts.

Each point p € ./ has a neighborhood with coordinates

(xL,x%,...,x™)

27.1.2 COORDINATE TRANSFORMATIONS

On overlapping coordinate charts, coordinates transform smoothly
x = xi/(xl,...,x”)

Differential geometry studies structures that are invariant under such transformations.

27.2 CURVES AND TANGENT VECTORS

27.2.1 CURVES ON A MANIFOLD

A curve on ./ is a smooth mapping

Yy :R—> M

In local coordinates, the curve is represented by

x = x(t)



27.2.2 TANGENT VECTORS

The tangent vector to a curve at a point is defined as

i_dxl

Codr

The collection of all tangent vectors at a point forms the tangent space T,,./.

27.3 COTANGENT SPACE AND DIFFERENTIAL FORMS

. *
The dual space to the tangent space is the cotangent space T, ..

A differential one-form is written as

w = w;dx'

Differential forms provide a coordinate-independent framework for integration.

27.4 METRIC TENSOR

A metric tensor assigns an inner product to tangent vectors.

The squared line element is
ds? = gl-jdxidxj

The metric tensor is symmetric
8ij = &ji

Distances and angles are defined through the metric.

27.5 CONNECTION AND COVARIANT DERIVATIVE

27.5.1 PARALLEL TRANSPORT

To compare vectors at different points, a notion of parallel transport is required.

This is achieved using a connection.

27.5.2 COVARIANT DERIVATIVE
The covariant derivative of a vector field V' is defined as

i _ j i vk
ViVi= oVt 4 ThV

where Fj.k are the Christoffel symbols.

For a covariant vector

k
ViVi =9}V - rjin
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27.6 GEODESICS

Geodesics are curves that generalize straight lines to curved spaces.

They extremize the path length

szjds

The geodesic equation is

d?x - dx! dxk
— 4T, ——=0
d2 Ik dr dr

27.7 CURVATURE

27.7.1 RIEMANN CURVATURE TENSOR
Curvature measures the non-commutativity of covariant derivatives.

The Riemann curvature tensor is defined by
i i i i m i Tm
Rjit = 0kl — Ol + T Uy — 1 U

27.7.2 Ricci TENSOR AND SCALAR CURVATURE

The Ricci tensor is obtained by contraction
_ pk
Rij = Rj;
The scalar curvature is

R = gR;

27.8 INTEGRATION ON MANIFOLDS
The invariant volume element on a manifold is

dv = J|gld"x

where g is the determinant of the metric tensor.

27.9 DIFFERENTIAL GEOMETRY IN PHYSICS

Differential geometry provides the mathematical structure for physical laws:

> Geodesics describe free particle motion
> Curvature encodes gravitational effects

> Differential forms unify electromagnetic laws
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27.10 CLOSING REMARKS

Differential geometry replaces flat space intuition with intrinsic geometric structure. By expressing
physical laws in coordinate-independent form, it provides a universal language for modern theoretical

physics.
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